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Abstract
In this paper we rst develop a theory of almost stochastic dominance for risk-
seeking investors to the rst three orders. Thereafter, we study the relationship
between the preferences of almost stochastic dominance for risk-seekers with that
for risk averters.
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1 Introduction
There are two major types of persons: risk averters and risk seekers. Markowitz (1952)
and Tobin (1958) propose the mean-variance (MV) selection rules for risk averters and
risk seekers. Stochastic Dominance (SD) is rst introduced in mathematics by Mann and
Whitney (1947) and Lehmann (1955). Quirk and Saposnik (1962), Hanoch and Levy
(1969), and many others develop the theory of SD related to economics and develop the
stochastic dominance rules for risk averters. On the other hand, Meyer (1977), Stoyan
(1983), Wong (2007), and many others develop the stochastic dominance rules for risk
seekers.
The theory of almost stochastic dominance (almost SD) developed by Leshno and Levy
(LL, 2002) plays an important role in several elds, particularly in nancial research,
and has drawn several important applications; see, for example, Levy (2006, 2009), Bali,
et al. (2009), and Levy, et al. (2010). Tzeng et al. (2013) show that the almost second-
degree almost SD introduced by Leshno and Levy (2002) does not possess the property of
expected-utility maximization. They modify the denition of the almost SD to acquire this
property. Nonetheless, Guo, et al. (2013a) have constructed some examples to show that
the almost SD denition modied by Tzeng et al. (2013) does not possess any hierarchy
property while Guo, et al. (2013) establish necessary conditions for Almost Stochastic
Dominance criteria of various orders.
2 Denitions, Notations, Motivation, and Back-
ground
Random variables, denoted by X and Y , dened on 
 = [a; b] are considered together
with their corresponding distribution functions F and G, their corresponding probability
density functions f and g, and means X and Y , respectively. The following notations
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will be used throughout this paper:
HAj (x) =
Z x
a
HAj 1(y) dy and H
D
j (x) =
Z b
x
HDj 1(y) dy ; (2.1)
where h = f or g and H = F or G. In addition, we dene
FAn (x) GAn (x) = Z b
a
FAn (x) GAn (x)dx ;FDn (x) GDn (x) = Z b
a
FDn (x) GDn (x)dx ; (2.2)
SAn (F;G) = fx 2 [a; b] : GAn (x) < FAn (x)g ; and
SDn (F;G) = fx 2 [a; b] : FDn (x) < GDn (x)g for n = 1; 2; 3:
We note that the denition of HAi can be used to develop the stochastic dominance
theory for risk averters (see, for example, Quirk and Saposnik, 1962; Hanoch and Levy,
1969), and thus, we call this type of SD ascending stochastic dominance (ASD) because
HAi is integrated in ascending order from the leftmost point of downside risk. On the
other hand, HDi can be used to develop the stochastic dominance theory for risk seekers
(see, for example, Hammond, 1974; Li and Wong, 1999), and thus, we call this type of SD
descending stochastic dominance (DSD) because HDi is integrated in descending order
from the rightmost point of upside prot. We rst dene risk-averse and risk-seeking
investors as follows:
Denition 2.1 For j = 1; 2; 3, UAj and U
D
j are sets of utility functions u such that:
UAj = fu : ( 1)iu(i)  0 ; i = 1;    ; jg ;
UDj = fu : u(i)  0 ; i = 1;    ; jg ;
where u(i) is the ith derivative of the utility function u.
We call investors the jth order risk averters if their utility functions u 2 UAj and the jth
order risk seekers if their utility functions u 2 UDj . Readers may refer to Menezes, et al.
(1980), Post and Levy (2005), Post and Versijp (2007), Fong, et al. (2008), Wong and Ma
(2008), and Crainich, et al. (2013) for more properties of the utility functions.
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Leshno and Levy (2002) and others develop the almost SD rule. We state the almost
SD rule developed by Leshno and Levy (2002) and modied by Tzeng et al. (2012) as
follows:1
Denition 2.2 Given two random variables X and Y with F and G as their respective
distribution functions, for 0 <  < 1=2, X is at least as large as Y in the sense of:
1. -almost FASD or -AFASD, denoted by X almost()1A Y if and only ifZ
SA1

FA1 (x) GA1 (x)

dx  FA1 (x) GA1 (x);
2. -almost SASD or -ASASD, denoted by X almost()2A Y if and only ifZ
SA2

FA2 (x) GA2 (x)

dx  FA2 (x) GA2 (x) and X  Y ;
3. -almost TASD or -ATASD, denoted by X almost()3A Y if and only ifZ
SA3

FA3 (x) GA3 (x)

dx  FA3 (x) GA3 (x) and GAn (b)  FAn (b) for n = 2; 3
where SAn (F;G) and
FAn (x) GAn (x) for n = 1; 2; 3 are dened in (2.2), -almost FASD,
SASD, and TASD stand for -almost rst-, second-, and third-order ASD, respectively.
In this paper we will develop the theory of almost DSD, the almost SD rule for risk
seekers. To do so, we rst dene the almost SD rule for risk seekers in the following
denition:
Denition 2.3 Given two random variables X and Y with F and G as their respective
distribution functions, for 0 <  < 1=2, X is almost at least as large as Y and F is almost
at least as large as G in the sense of:
1. -almost FDSD or -AFDSD, denoted by X almost()1D Y or F almost()1D G; if and
only if Z
SD1

GD1 (x)  FD1 (x)

dx  FD1 (x) GD1 (x);
1We note that we have modied their notations to distinct them from the notations used for the risk
seekers.
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2. -almost SDSD or -ASDSD, denoted by X almost()2D Y or F almost()2D G; if and
only if Z
SD2

GD2 (x)  FD2 (x)

dx  FD2 (x) GD2 (x) and X  Y ;
3. -almost TDSD or -ATDSD, denoted by X almost()3D Y or F almost()3D G; if and
only ifZ
SD3

GD3 (x)  FD3 (x)

dx  FD3 (x) GD3 (x) and GDn (a)  FDn (a) for n = 2; 3
where SDn (F;G) and
FDn (x) GDn (x) for n = 1; 2; 3 are dened in (2.2), -almost FDSD,
SDSD, and TDSD stand for almost rst-, second-, and third-order DSD, respectively.
In addition, we specify dierent types of utility functions as shown in the following
denition:
Denition 2.4 For n = 1; 2, and 3, we dene
UAn () =

u 2 UAn : ( 1)n+1u(n)(x)  inff( 1)n+1u(n)(x)g[1=  1] 8x
	
;
UDn () =

u 2 UDn : u(n)(x)  inffu(n)(x)g[1=  1] 8x
	
:
We call investors the jth order -risk averters if their utility functions u 2 UAn () and the
jth order -risk seekers if their utility functions u 2 UDn ().
3 The Theory
Tzeng et al. (2012) modify the almost SD rule developed by Leshno and Levy (2002)
so that the almost SD rule for risk averters possesses the property of expected-utility
maximization. In this paper we will show that the almost SD rule for risk seekers also
possesses the property of expected-utility maximization. Here, we state both results in
the following theorem:
Theorem 3.1 For n = 1; 2; and 3,2
2We note that one could easily extend our work to n > 3. However, though some studies, see, for
example, Eeckhoudt and Schlesinger (2006), Eeckhoudt, et al. (2009), and Denuit and Eeckhoudt (2010),
study risk to n > 3, most academics and practitioners are only interested in studying the case up to
n = 3. Thus, we stop at n = 3.
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1. X almost()nA Y if and only if E[u(X)]  E[u(Y )] for any u 2 UAn (), and
2. X almost()nD Y if and only if E[u(X)]  E[u(Y )] for any u 2 UDn ().
Now, we turn to examine whether there is any relationship between the almost ASD
rule and almost DSD rule. We rst show in the following theorem that almost ASD and
DSD could be a dual problem:
Theorem 3.2 For any random variables X and Y and for n =1,2 and 3,
X almost()nA Y if and only if   Y almost()nD  X :
We turn to show that sometimes the preference of assets by using almost ASD could
be in the same direction as that by using almost DSD but sometimes they are in the
opposite direction. We rst show in the following theorem for the rst order that they are
in the same direction:
Theorem 3.3
For any random variables X and Y ,
X almost()1A Y if and only if X almost()1D Y :
Levy and Levy (2002) show that if prospects X and Y have the same nite mean,
then sometimes the preference for risk averters and risk seekers could be opposite. Could
this property hold for almost SD? We show that this is true as shown in the following
theorem:
Theorem 3.4 If X = Y , then
X almost()2A Y if and only if Y almost()2D X :
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Chan, et al. (2012) show that it is possible to have non-trivial third order ASD and
DSD between prospects X and Y such that their preferences are the same. Is it possible
for the almost SD to have a similar property? In this paper we show that this is possible
by showing the following theorem:
Theorem 3.5 If X = Y and F
A
3 (b) = G
A
3 (b), then X almost()3A Y if and only if
X almost()3D Y .
4 Concluding Remarks
In this paper we rst develop a theory of almost stochastic dominance for risk-seeking
investors to the rst three orders. Thereafter, we study the relationship between the
preferences of almost stochastic dominance for risk-seekers with that for risk averters.
References
Bali, T.G., Demirtas, K. O., Levy, H., Wolf, A. (2009), Bonds versus stocks: Investors'
age and risk taking. Journal of Monetary Economics, 56(6), 817-830.
Chan, Raymond H., Clark, Ephraim, Wong, Wing-Keung, 2012. On the Third Order
Stochastic Dominance for Risk-Averse and Risk-Seeking Investors, MPRA Paper
42676, University Library of Munich, Germany.
Crainich, D., L. Eeckhoudt, and A. Trannoy. Even (Mixed) Risk Lovers are Prudent.
American Economic Review.
Denuit, M. M., Eeckhoudt, L. (2010), A general index of absolute risk attitude. Manage-
ment Science, 56(4), 712-715.
Eeckhoudt, L., and M., Kimball, (1992), Background risk, prudence, and the demand for
insurance, Contributions to insurance economics, ed. by G. Dionne. Boston: Kluwer,
239-254.
7
Eeckhoudt, L., Schlesinger, H. (2006), Putting risk in its proper place. American Economic
Review, 96(1), 280-289.
Eeckhoudt, L., Schlesinger, H., Tsetlin, I., (2009), Apportioning of risks via stochastic
dominance, Journal of Economic Theory 144(3), 994-1003.
Fong, W.M., H.H. Lean, and W.K. Wong, 2008, Stochastic Dominance and Behavior
towards Risk: The Market for Internet Stocks, Journal of Economic Behavior and
Organization 68(1), 194-208.
Guo, X., Post, T., Wong, W.K., Zhu, L.X., 2013. Moment Conditions for Almost Stochas-
tic Dominance, Social Science Research Network Working Paper Series 2359674.
Guo, X., Zhu, X.H., Wong, W.K., Zhu, L.X., 2013a, A Note on Almost Stochastic Domi-
nance. Economics Letters 121(2), 252-256.
Hadar J.,and Russell W.R. (1969),\Rules for Ordering Uncertain Prospects," American
Economic Review 59, 25-34.
Hammond, J.S. 1974. Simplifying the choice between uncertain prospects where preference
is nonlinear. Management Science 20(7) 1047-1072.
Hanoch, G, H. Levy. 1969. The eciency analysis of choices involving risk. Review of
Economic Studies, 36(3) 335-346.
Lehmann, E.L., 1955. Ordered families of distributions. Annals of Mathematical Statistics
26, 399-419.
Mann, H.B., Whitney, D.R., 1947. On a test of whether one of two random variables is
stochastically larger than the other. Annals of Mathematical Statistics 18, 50-60.
Meyer, J., 1977. Second Degree Stochastic Dominance with Respect to a Function. Inter-
national Economic Review 18, 476-487.
Levy H., 1992. Stochastic dominance and expected utility: Survey and analysis. Manage-
ment Science, 38(4), 555-593.
8
Levy, H., 1998. Stochastic dominance: Investment decision making under uncertainty.
Kluwer, Boston.
Levy, H. (2006), Stochastic Dominance: Investment Decision Making Under Uncertainty,
Springer, New York.
Haim Levy, Moshe Leshno, Boaz Leibovitch, 2010, Economically relevant preferences for
all observed epsilon, Ann Oper Res (2010) 176: 153-178.
Moshe Levy, 2009, Almost Stochastic Dominance and stocks for the long run, European
Journal of Operational Research 194, 250-257.
Leshno, M., Levy, H. (2002), Preferred by \all" and preferred by \most" decision makers:
Almost stochastic dominance. Management Science, 48(8), 1074-1085.
Li, C.K., and W.K. Wong, (1999). \ Extension of Stochastic Dominance Theory to Ran-
dom Variables," RAIRO Recherche Operationnelle, 33, 509-524.
Quirk, J.P., Saposnik, R. 1962. Admissibility and Measurable Utility Functions. Review
of Economic Studies 29, 140-146.
Markowitz, H.M., 1952. The Utility of Wealth. Journal of Political Economy 60, 151-156.
Menezes, C., Geiss, C., & Tressler, J. (1980). Increasing downside risk. American Economic
Review, 70, 921?32.
T Post, H Levy, 2005, Does risk seeking drive stock prices? A stochastic dominance
analysis of aggregate investor preferences and beliefs, Review of Financial Studies
18(3), 925-953.
T Post, P Versijp, 2007, Multivariate tests for stochastic dominance eciency of a given
portfolio, Journal of Financial and Quantitative Analysis, 42(2), 489-515.
Stoyan, D., 1983. Comparison Methods for Queues and Other Stochastic Models, (New
York:Wiley).
Tobin, J., 1958. Liquidity Preference as Behavior towards Risk. Review of Economic
Studies 25, 65-86.
9
Tzeng, L.Y., Huang, R.J., Shih, P-T. (2012), Revisiting Almost Second-Degree Stochastic
Dominance, Management Science, DOI:10.1287/mnsc.1120.1616.
Whitmore, G. A. (1970), Third-Degree Stochastic Dominance, American Economic Re-
view 60(3), 457 - 59.
Wong, W.K. (2007): \Stochastic Dominance and Mean-Variance Measures of Prot and
Loss for Business Planning and Investment," European Journal of Operational Re-
search, 182, 829-843.
Wong, W.K., and C.K. Li (1999): \A Note on Convex Stochastic Dominance Theory,"
Economics Letters, 62, 293-300.
Wong, W.K., and C. Ma, 2008, Preferences over Meyer's location-scale family, Economic
Theory 37(1), 119-146.
10
